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Abstract. In their recent preprint, Baldwin, Ozsvath and Szabo 
defined a twisted version (with coefficients in a Novikov ring) of a 
spectral sequence, previously defined by Ozsvath and Szabo, from 
Khovanov homology to Heegaard-Floer homology of the branched 
double cover along a link. In their preprint, they give a combinato- 
rial interpretation of the E^-teTui of their spectral sequence. The 
main purpose of the present paper is to prove directly that this 
i^s-term is a link invariant. We also give some concrete examples 
of computation of the invariant. 



1. Introduction 

The last decade or so has been a fruitful time for invention of a new 
generation of knot invariants. This includes Khovanov homology |71[5], 
which is a sequence of homology groups whose Euler characteristic is 
the Jones polynomial, and knot Floer homology of Ozsvath and Szabo 
[TT| [T2| [T3| [9], which is similarly related to the Alexander polynomial. 
In [3], Ozsvath and Szabo considered yet another link invariant, namely 
the Heegaard-Floer homology of the branched double cover of 5*^ along 
L, and discovered a spectral sequence from Khovanov homology to 
HF{Tj{L)). Baldwin fT] proved that every E^-ieim. of this spectral 
sequence is a link invariant. 

More recently still, Baldwin, Ozsvath and Szabo [3J introduced a 
variant, namely perturbed Heegaard Floer homology with coefficients 
in a "Novikov ring" . They also constructed a spectral sequence analo- 
gous to [3] in this new setting. Curiously, the behavior of this modified 
construction is in a way quite distinct from [3]. Instead of the i?2-term 
being Khovanov homology, di is, in fact, trivial, and the cochain com- 
plex (i?2, c?2) has a combinatorial description given in [3]. In fact, basis 
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elements of E2 can be identified with Kauffman states for the Alexan- 
der polynomial [H], the set of which is considerably smaller than the 
basis of the chain complex calculating Khovanov homology. 

The main purpose of this paper is to show that the E^-teim of 
the spectral sequence mentioned in the last paragraph, which we call 
Baldwin-Ozsvath-Szabo cohomology, is an invariant of oriented links. 
This was conjectured by John Baldwin. It is proved in ^ that the 
next possible differential in this spectral sequence is d^. It is therefore 
natural to ask if the spectral sequence collapses. This is not known at 
present. Even if the spectral sequence collapses, the E3 term is a new 
invariant, since it is graded, while the spectral sequence is, at least a 
priori, not. 

We aim for the present paper to be entirely self-contained. In fact, 
we use no Floer homology techniques, our methods are entirely alge- 
braic. We define all the concepts we are using in Section [2] below, 
and state our main result precisely. We also prove from first princi- 
ples that the Baldwin-Ozsvath-Szabo (i2-differential satisfies dd = 0, 
without referring to the spectral sequence. In Section El we prove a 
fundamental lemma which allows us to vary the field of coefficients. 
This is a key step in proving invariance under the Reidemeister moves, 
which is proved in Sections IH El Ultimately, the main tool used in 
those proofs are algebraic identities involving Mobius transformations 
over fields of characteristic 2. 

Acknowledgement: The authors are indebted to John Baldwin and 
Zoltan Szabo for sharing their preprint ^ with us, and for helpful 
discussions. 



2. Preliminaries, and statement of the main result 

Consider an oriented link L in with generic projection V. Through- 
out this paper, we will use the following assumption: 

l^j^^ Every connected component oi \V is simply 

connected. 

Following [3], we denote by {C{V), the cochain complex which is the 
i?2-term of the spectral sequence [3] converging to the Heegaard-Floer 

twisted cohomology ifF(E(L)) where S(L) is the branched double 
cover of along the link L. In particular, with V, there is associated 
a planar black graph B{V), and a dual planar white graph W{V). C{T>) 
is the A-module on the basis K{V), which is the set of all Kauffman 
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states, which are the spanning trees of B{T>). We color the connected 
components of 5*^ \P (called faces) black and white so that a black and 
white face never share an edge. The vertices of B{T>) consist of faces 
colored black, and edges go through crossings of V. The white graph is 
defined dually where the vertices are the faces which are colored white. 
Note that two vertices of the graph B{V) may have connected by mul- 
tiple edges and loops are also possible (similarly for the graph W(V)). 
Because of this, technically, G = B(V),W{V) must be defined as 1- 
dimensional CW complexes, i.e. there are sets of vertices V{G) and 
edges E{G) and source and target maps S,T : E{G) — )■ V{G). How- 
ever, when it is clear which edge connecting two vertices x,y & ^(C) 
we have in mind, we will also abuse notation to write {x,y} G E{G). 
Note that there is a canonical bijection 



sending a black edge to the white edge passing over the same crossing 
of T). We may additionally speak of orientations related by r when the 
white edge orientation is obtained by rotating the black edge orienta- 
tion by 90° degrees counter-clockwise. Note also that for a black span- 
ning tree T, there is a unique dual white spanning tree r(T) which con- 
tains precisely the edges r(e) where e ^ E(T). We also note that B(V) 
and W(V) are planar graphs; by the Assumption (jX]), together with 
their faces, these graphs specify "Poincare-dual" CW-decompositions 
of S"^, which will be denoted by B^S"^), W{S^), respectively. 

To each edge e of B{T>) there is now assigned a height h{e) G {0, 1} 
which depends on the direction e crosses the crossing of V. The con- 
vention is arbitrary, but must be fixed. Actually, more precisely, there 
is another convention which must be fixed, namely positive and neg- 
ative crossings, and both conventions must be related appropriately. 
Let us say that a crossing is positive when the upper edge of the cross- 
ing is oriented in the direction 90° clockwise from the orientation of 
the bottom edge. In the other case, we speak of a negative crossing 
(see Figure 1). Let the number of positive resp. negative crossings of 
the projection V be resp. n_. Now the height of a black edge e 
passing through a crossing is if the upper arc of the crossing is 45° 
counter-clockwise from the edge e and 1 otherwise (this is independent 
of orientation; see Figure 2). 

We may make different conventions regarding heights of white edges. 
It is perhaps most natural to set 



(1) 



r : E{B{V)) E{W{V)) 



(2) 



/i(r(e)) = l-h{e). 
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XX 

Figure 1. A positive crossing and a negative crossing 




h{e) = h{e) = 1 



Figure 2. The height of an edge through a crossing 

(That way, if we swap faces colored white and black, we obtain mani- 
festly isomorphic cochain complexes.) For a spanning tree T of B(T>), 

we set 

(3) KT)^ Me)+ E (1-Me)). 

eGE(T) e^E(T) 

We now construct a cochain complex whose summand in degree d is 
the free A-modulc (where A is a field specified below) on all spanning 
trees of height h = 2d + ri-. In other words, 

(4) d^^{h-n_), 

and we notice that e |Z. It is not difficult to see, however, that for a 
given projection P, all degrees which can occur differ by integers, or, 

in other words, heights of any two spanning trees T, T' differ by even 
numbers (this is shown by induction on the number of edges in E{T) \ 
E(T'). The differential \1' additionally depends on weights which are Z- 
linearly independent (except as explicitly specified below) real numbers 
w{e) assigned to each oriented black edge e. Reversing orientation of 
an edge has the effect of reversing the sign of w{e). We set 

(5) w{T{e)) — w{e). 

To define ^, we also choose a base point which is an arc of V. Then 
there is precisely one adjacent black vertex and one adjacent white 
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vertex which are called the black base point and white base point. Now 
let T G K{V) and T' G K{T>) where there exist black edges e, / G 
E{B{V)) with h{e) = 0, h{f) = 1, 

E{T') = {E{T) X {e}) U {/}. 

(Note that h{T') = h{T) + 2.) Consider then the unique black cir- 
cuit c specified by the edges of E{T) U E(T'). We orient the circuit 
consistently (clockwise or counterclockwise) so that / is oriented from 
the connected component C of E{T) fl E{T') not containing the base 
point to the connected component C containing the base point. Then 
let A(T, T') be the sum of the weights of the edges of the circuit c, 
oriented as specified above. We obtain another number -B(T, T') as the 
sum of the weights of all black edges from a vertex of C to a vertex of 
C . Then define 



(6) 



= V r ^ + ^ ^ T' 



The coefficient is calculated in the Novikov field A, by which we mean 
the set of elements of the form 

oo 
re=0 

where oi < a2 < ... G M. Addition and multiplication is performed 
term-wise over Z/2, by which operations A forms a ring, which is readily 
seen to be a field. 

Note again that \E' raises h hj 2. It can be verified directly that the 
differential \E' of ([6]) satisfies 

(7) ^0^ = 0, 

which we will prove at the end of this section after some re-statements. 
Nevertheless, it may be difficult to guess the formula directly. Bald- 
win, Ozsvath and Szabo ^ obtained the complex {CiV),"^) as the 
£'2-term of a spectral sequence calculating twisted Heegaard-Floer co- 
homology of the branched double cover S(L) of along the link L, 
which implies ([7]). 

It is worth noting that in the definition of the differential \E', black 
and white do not play a symmetrical role: if we interpret B{T, T') as the 
sum of weights of white edges on a consistently oriented white circuit 
w, then the orientation of w does not depend on the choice of edges 
e, /, as long as they cross two edges of w of the required heights. On 
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the other hand, the orientation of the black circuit c discussed above 
clearly can depend on the choice of the edges e, / in it. 

Nevertheless, it turns out that the definition of \& is symmetrical in 
black and white, when interpreted properly. Let us first observe an- 
other property, namely invariance of the choice of base point. Clearly, 
the definition presented above only depends on the choice of black base 
point. Now when the black base point moves from the connected com- 
ponent C to the component C", the both of the numbers y4(T, T'), 
B{T,T') get multiplied by —1. Thus, the differential remains the same 
by the formula 



^ ^ 1 + k 1 + i 1 + A;~i ! + 

which is valid in fields of characteristic 2. Let us now turn to the 
question of swapping black and white. By definition, the differential 
after the swap will be equal to the original differential when T, T' are 
such that the white base point is inside the black circuit c if and only if 
c is oriented clockwise (note that the roles of e, / are the opposite from 
the roles of the white edges crossing them). By ([8]), then, again, the 
differential doesn't change when the white base point is in the other 
connected component of S"^ \ c, and hence is equal to the original 
differential. 

It is worth noting that there is one variant \E'' of the definition of 
which does produce possibly different cohomology, namely if we change 
the convention so that one of the numbers A[T,T'), B{T,T') remains 
the same, and the other is multiplied by —1. We see that one way 
of achieving this is by swapping the roles of e and / in determining 
the orientation of c. Therefore, by the universal coefficient theorem, 
the cohomology of the complex modified in this way is isomorphic to 
the dual of the \E'- cohomology of the mirror projection V to V of the 
mirror link L' of L. More precisely, counting the number of positive 
and negative crossings, and keeping in mind that a positive crossing 
turns into negative and vice versa in the mirror projection, the sign of 
the cohomological degree gets reversed, i.e. 

H'{C{V, = H-\C(V', 

It may be tempting to call the cohomology of {C{V),'$) twisted 
Khovanov cohomology, but this is, in fact, inaccurate, since it is the E^- 
term (and not E2-teTm) of the twisted analogue of the spectral sequence 
[10] from E2 = Khovanov cohomology to Heegaard Floer cohomology 
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of Because of this, we use the term Bald win- Ozsvath-Szabo 

cohomology. 

The field A and the selection of arbitrary weights with the require- 
ment that they be linearly independent over Q may seem unnatural. In 
fact, it can be restated. First observe that in computing the numbers 
A[T, T'), we always sum the weights of edges of a consistently oriented 
circuit c. The circuit determines a cellular 1-cycle, i.e. an element 

ce Zf\B{S^),Z). 

Now since H\S^,Z) = 0, we have c = dx where x e Cf\B{S^),Z). 
The generators of C|'^''(i?(5'^)) are faces /, which, by convention, we 
orient so that the circuit df is oriented counter-clockwise for the bounded 
faces and clockwise for the unbounded face. Then the sum ^ / of all 
the faces of -B(S'^) is a 2-cycle (representing the fundamental class of 
S'^, and X is determined uniquely up to adding integral multiples of 
J2f- This means that if for each face / we choose a formal variable 
Uf, with the relation 

(9) n^/=i' 

we may assign to c a well defined element 

f 

where 

f 

Similarly, B{T,T') may be interpreted as the cellular 1-cochain in 
Cl^ii{B {S"^)) which is of the form 5{y) where the value of y is 1 on 
all the vertices of C, and on all the vertices of C The sum oi all 
vertices of B{S'^) satisfies S^^v) = (it represents the unit element in 
H^{S^, Z), so if we choose, again, a formal variable for every vertex 
V, subject to the relation 

(10) Hz^^l, 

V 

then we may assign to T, T' a well defined element 

P{T,T')^ll{z,)y(^l 

V 

Then if the variables Uf,Zy belong to any field F of characteristic 2, we 
may define C{T>) as the free F-module on all spanning trees of B{V), 



8 



DANIEL KRIZ, IGOR KRIZ 



and define \1/ by 

(11) ^(T) = V f \ r + \ T'. 

This is clearly a generalization of the definition of \E' given by (jH]). 
With precise definitions in place, we may now state our main result: 

Theorem 1. Let F he a field of characteristic 2 with elements Uf,z^ 
satisfying the relations / fJOj) . and such that if we choose one face 
fo and one vertex vq, then all the elements uj, / 7^ /o are algebraically 
independent and all the elements z^, v Vq are algebraically indepen- 
dent. Then for each i, 

(12) rankF{H\C{V),^))) 

defined by 177]) is independent of the choice of F, and of the projection 
T) of an oriented link L, subject to the condition / H]) . //, further, L is a 
knot, then l[T^) is independent of orientation. If L is a link which has 
a projection with more than 1 connected component, then [T^) is equal 
to 0. 

The remainder of this paper consists of work toward the proof of 
Theorem [TJ We conclude this section with a 

Proof of the formula ([7]) for ^ generalized by the definition 
(llip : Our aim is to compute 

(13) ^^(T) 

for a spanning tree T, and prove that its coefficient on any tree T" is 
equal to 0. The key observation is that it actually suffices to consider 
the case when T has only two edges of height 0, since otherwise we may 
contract each component of the complement of the two open edges in 
T to a point and obtain the same coefficient. 

Now up to isomorphism, there is only one tree with two edges, 
with vertices x, y, z and edges {x, z}, {y, z}. Then there are two non- 
isomorphic choices of the tree T" (consisting of two edges of height 1): 
the edges of T" may be either {x,z}, {y,z}, or {x,z}, {x,y}. In the 
first case, the coefficient of ffT^ at T" is a sum of two equal terms (each 
a product of two terms in opposite orders), so the sum is since we 
are in characteristic 2. 

The second case is non-trivial. Assuming, without loss of generality, 
that the edges {x, y}, {y, z} and the edge {x, z} of height form a face 
u, and if the other bounded face v is bounded by the two {x, z} edges. 
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then (identifying vertices and faces with their corresponding variables), 
the formula we need to prove is 

1 , 1 V^.^i. 



1 + u 1 + X J \1 + uv I + y 



1 1 \ / 1 1 



+ ^ + 



1 + V ^ 1 + X J \1 + uv 1 + xy 
1 1 \ / 1 1 



.0 

1 + u 1 + xy J \l + V I + y 

(the left hand side being the coefficient of (1131) at T"). To verify ([1 
notice that 

11 V 1 11 

+ z + = 0, 



1 + ul + uv 1 + vl + uv 1 + ul + V 

1111 11 1 



1 + X 1 + y 1 + X 1 + xy 1 + xy 1 + y l + xy' 
11 11 11 

1 + ul + y 1 + X 1 + uv 1 + v^^ 1 + xy 
11 11 11 1 



1 + X 1 + uv 1 + ul + y 1 + xy 1 + V 1 + xy 



□ 



3. The fundamental lemma 

Recall that we assume (jXj). For a finite CW-complex X, note that 
we have a canonical isomorphism between cellular chains and cellular 
CO chains: 

(15) Cr"(X,M)^C,^,,(X,M) 
which sends 

i 

for cells Cj to the cochain whose value, on a fc-cell e, is 

i:ei=e 

We will treat this isomorphism as an identification. It does not, of 
course, in general send cycles to cocycles, but it is important to note 
that it is independent of choice of orientation of cells (provided that 
we choose the same orientation in homology and cohomology). 
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Lemma 2. Suppose 

(16) c:= Yl \e,eZUB{S')),R) 

ei£E(V) 

and also 

(17) rc:= \r{e,)&Zl,,{W{S')),^). 
Then 

c = OeCluiB{V,R). 

Proof: We have H^^ii{B{S^), R) = 0, so by ( IT6|) . there exists a function 
u -.VBiV) such that 

(18) 5u = c. 

Now the condition flT7|) using (|T8|) . translates to the equations 
Y u{y) -u{x) = {)ioi X eVB{V), 

y:{y,x}eEB(V) 

or 

(19) u{x) = ^ 1] u{y) 
where 

= {e G EB{V) I e has vertices x, y}. 

(Note that f fT9|) can be interpreted as a discrete analogue of u being 
"harmonic" .) 

Now f|T9|) implies that u is constant on connected components C of 
i?(P) (actually, by our assumption, B{V) is connected). To see this, 
consider 

iTLc = min u(x). 

xeVC 

By induction, we see that u{y) = rric for all y G VC. This implies that 
c = 6u = 0. □ 



Lemma 3. Suppose Ci, c„ are consistently oriented circuits in B{T>) 
and qi, ...,qm O'l"^ consistently oriented circuits in W{V) and 

n m 

(20) ^ \iw{ci) = Y l^j'^iQj) for Ai, /ij G Z. 
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Then 

n m 

(21) ^A,u7(Q) = ^/i,(g,)=0. 

i=i j=i 

Proof: We have 

m 

c := ^^{^ije I r(e) is an edge of q^} G Zl^n{B{S^),: 

n 



q := ^^{Air(e) | e is an edge of Cj} G Zl^ii{W{S 



1=1 



and by Z-linear independence of weights, 

q = Tc. 

Apply Lemma [2J □ 

Corollary 4. The quantity [W^] does not depend on the choice of the 
field F subject to the conditions of TheoremUi 

Proof: For two different choices of fields F, F', consider the two com- 
plexes F{K{V)), F'{K(T>)) with generators K{T>). Performing cancel- 
lation (cf. lU E]) simultaneously on the same edge of both complexes, 
Lemma [3] implies by induction on the number of steps of cancellation 
that an edge disappears in one of the complexes if and only if it disap- 
pears it disappears in the others. This implies that the cohomologies 
are isomorphic. □ 

4. Reidemeister 1 and 2 

Next, we shall prove that Baldwin-Ozsvath-Szabo cohomology is in- 
variant under the three Reidemeister moves (see Figure 3). Note first 
that if a generic projection V is obtained from a generic projection 
T) by performing a Reidemeister 1 move creating a new crossing, then 
we either added a new vertex v and an edge e originating in v to the 
black graph, or a loop / without adding a new vertex. The complex 
(C(P'), ^) is therefore isomorphic to {C{V), up to shift of degrees. 
To compute the shift of degrees, note that height of corresponding 
states increases by 1 if and only if e has height 1 or / has height 0; 
otherwise, heights of corresponding states stay the same as in C{V). 
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)(-X K-X 

Figure 3. The three Reidemeister moves 1,2, and 3, 
respectively 

However, by our conventions, the first case arises if and only if the 
new crossing was negative. Thus, by the formula (jlj), the degree of 
corresponding states remains unchanged in either case. 

Let us now turn to the Reidemeister 2 move. Let V be the projection 
after a Reidemeister 2 move. By the isomorphism of black and white 
complexes, we may assume that the number of black vertices increases 
by 2. More precisely, there exists a vertex 

u e VB{V) 

such that 

VBiV') = iVBiV) \ {u}) n {Ml, M2, v). 

Additionally, if S is the set of all edges in EB{T>) adjacent to x, there 
exists a decomposition 

S = SiUS2 

such that for every edge in Si with vertices ■u,w, there is an edge 
in EB(T>') with vertices Ui,w, i = 1,2. Additionally, for every edge 
e G EB{T>) neither vertex of which is m, e G EB(T>'), and we also have 
edges 

{u,,v}eEB{V') 

where {ui, v} has height i — Finally, EB{T>') contains no other edges 
other than specified above. Note that we have a bijection 

: EB{V) ^ EB{V') \ {{^i, v}, [u^, v}} 

which sends {z,t} to itself for z,t ^ u and {z,u} to the appropriate 
Furthermore, (f) preserves height. The main purpose of this 
section is to prove the following 

Proposition 5. The chain complexes {C{T>),'^), (C(I^'),\E') have iso- 
morphic cohomology groups. 

There are two complementary approaches to studying the complex 
C{V') (two spectral sequences corresponding to two different decreas- 
ing filtrations) . We will discuss both, which we feel is necessary for 
telling the whole story. The reason is that the first approach applies 
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uniformly to the Reidemeister 2 and Reidemeister 3 moves. In the case 
of the Reidemeister 2 move, the first approach is strictly speaking not 
necessary, since the second approach gives a stronger result and points 
more clearly to the solution of the problem. In the case of the Reide- 
meister 3 move, however, the second approach is not available directly; 
we will use an analogue of the first approach to reduce the problem 
to a situation where the second approach to the Reidemeister 2 move 
applies. 

The first approach: Denote by F^C(P') the free A-module on all 
Kauffman states of V (^spanning trees T of B{V')) for which 

(22) Me)+ E (1-Me))>p. 

eeEB{V):(j>{e)eET eeEB{V):(j>{e)(^ET 

(Note that the left hand side is the formula for h{T) modified by ex- 
cluding the terms for the edges {ui,v}.) Then 

^FPC{V') C F^CiV') 

(as the differential never decreases the height contribution of any single 
edge of the black graph) . 

Let us consider the spectral sequence associated with the filtration 
F^. To identify it, we need some additional notation. Let 

Ki^{Te K{V') I {ui,v} e ET, {u2-i,v} i ET}, 

L = {T e K(V') I {ui, v} eET, 1, 2}. 

We have a bijection 

K, : Ki ~ > K2 

with 

E{k{T)) = {E{T) X {{u,, v}}) U {{U2, v}}. 
Then clearly, for T e Ki, 

while for T e L, 

do{T) = 0. 

Now note that we have a canonical bijection 

i : K{V) L, 

Ei{T) = ET U {{uuv},{u2,v}}. 

Noting carefully that l raises height by 1, but the number of negative 
crossings of V is also greater by 1 than the number of negative crossings 
of V, we see that we have an isomorphism of graded modules 

(23) El ^ C(V). 
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However, we need to understand the bigrading. To this end, simply 
note that the filtration degree of l{T) is twice its degree minus 1 plus 
the number of negative crossings of V, in other words, 

(24) Ef''^ ^ implies p = 2{p + q) + ra_(P). 

Thus, the ii^i-term lies on a line of slope —1/2, and it follows that the 
only possible differential is d2, and the spectral sequence collapses to 

Clearly, we can compute d2, but it is important to note that despite 
the suggestive formula (!23|) . d2 is not simply an obvious modification 
of \l/x) by changing the field F: this is because of the fact that a d2 in 
a spectral sequence associated to a decreasing filtration of a cochain 
complex is not computed simply by implying the differential d to a 
cocycle c of the complex of filtration degree p, even when di is triv- 
ial: one must add a counter-term to eliminate the summand of d{x) 
in filtration degree p + 1. In the present case, the differential d2 is 
more cleanly computed by the second approach, which, in fact, gives a 
stronger result. 

The second approach: Introduce another decreasing filtration on 
C(V') defined by 

(25) J2 ^(^)+ E {l-h{e))>p. 

ee{EB(V')\4>{EB{V)))nET e(^{EB{V')-^(j){EB{V)))-^ET 

Roughly speaking, then, in the G-filtration, we are counting height 
contributions of the edges {ui, v}, i.e. exactly the edges not counted in 
the F-filtration. We see that 

(26) G\C{V')) = C{V'), G\C{V')) = 0, 

Thus, the associated graded cochain complex is non-trivial only in fil- 
tration degrees 0,1,2. 

Let us begin by studying this situation in complete generality, and 
gradually add information specific to G{V). Therefore, let us first 
consider a cochain complex Q with a decreasing filtration where 
G^Q = Q, G^Q = 0. Let us denote the associated graded pieces in 
filtration degrees 0, 1, 2 by Uq, Q, U2, respectively. We shall assume we 
are working in the category of F-modules where F is a field of charac- 
teristic 2. In particular, since F is a field, we may choose (arbitrarily) 
splittings of the maps G\Q) — )■ G\Q) / G^^^{Q). After this choice, we 
see that the most general form Q can take is expressed in the following 
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diagram: 



Uo 



(27) 




Q 



U2. 



Here Uq, Q, U2 are considered cochain complexes by the differential on 
the associated graded pieces of Q, and the total differential is the sum 
of that differential and all applicable arrows of ( 127|) (roughly, but note 
that not exactly, a totalization of a double complex). The necessary 
and sufficient condition for this to work is that i, j be chain maps, and 
7] he a chain homotopy between ji and 0. Actually, our convention 
(which we hope to justify later) is to denote the differentials on Uo and 
Q by d, and the differential on U2 by d', so the homotopy condition 
reads 



In the most general situation thus described, little can be said beyond 
the spectral sequence associated with the filtration. 

In the case Q = C{V'), we choose the splitting so that Uq, Q, U2 are 
generated by Ki, L, K2 respectively. Since we know from Corollary H] 
that the choice of the field F is quite flexible, consider a choice of the 
field F for the definition of C{V), and adjoin to it two variables x^y 
corresponding to the edges (Mi,f), (^,^2) (and also the corresponding 
white edges). We will allow the possibility of an algebraic relation 
between x and y (although we will see quickly that certain algebraic 
relations, such as xy~^ = 1 are forbidden), but we will assume that 
each of the variables x, y is algebraically independent from F. Denote 
the resulting field by F, which we will use for the definition of C{T>'): 
our convention is that the element of F associated to a black circuit 
c in B{V) is equal to the element associated with the corresponding 
circuit in B(V) (obtained by contracting the new edges), times any of 
the variables x, y (or their inverses) corresponding to any of the new 
edges c may contain with the appropriate orientations. The element 
of F associated with a white circuit w in B{T>') is by our convention 
the product of all the vertex variables of B{V) inside (resp. outside) 
the circuit when oriented counterclockwise (resp. clockwise), times the 



(28) 



d'rj + Tjd = ji. 
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product of any of the variables x,y or their inverses corresponding to 
the white edges w may contain. 

With these conventions, if T is a spanning tree in Ki, adding {m2, f } 
to T specifies a black circuit. If we denote the element associated with 
the corresponding black circuit in B{V) by b, then 

The coefficient is non-zero, which translates to the first special condi- 
tion on Q: 

(30) 7] is an isomorphism of F-modules. 

With this special condition, we see immediately from ( 128|) that 

(31) d' = r]dr]~^ + jir]~ 



1 



(keep in mind that we are in characteristic 2). However, we can say 
even more: 



Lemma 6. Under the assumption ^3^), 
(32) d + irj-^j 

is a differential on Q, and Q is quasiisomorphic to {Q , d + iri~^ 
(the square bracket denotes dimensional shift by the specified number). 

Proof: We have 

[d + iri^^j){d + irj^^j) = dd + dir]~^j + irj'^jd + irj^^jirj^^j = 
dirj~^j + irj'^jd + irj^^ridrj^^j + irj~^d' j = 0. 

A chain map 

T:{Q,d + tr]-'j)[l]^Q 

is defined by 

r(x) = X + rj^^i{x). 
To see that r is a chain map, compute 

T{dx + iri~^jx) = dx + rj^^jdx + ri^^jiri^^ji^x) = 
dx + ri~^rjdrj~^jx + rj^^jirj^^jx = 
dx + drj'^jx, 



while 



dT{x) = dx + if] ^jx + df] ^j{x) + ir] ^jx + 7777 ^jx + jx 
dx + dri~^jx. 
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Clearly, additionally, the map r is injective. We claim that its cokernel 
is isomorphic to U, which is the totalization of the double complex 

X 

where A is an arbitrary chain isomorphism, which is clearly acyclic. To 
this end, we construct a chain map 

: Q ^ fJ, 

given as the identity on U2, by 
for X G t/o, and by 

IJi{x) = X^^jx 

for X G Q. To verify that /x commutes with the differential on x & Uq, 
we have: 

dfi{x) = dX'^ri{x) = rj{x) + X~^d'rj{x) = 
r]{x) + X^^rjdx + X~^jix = fi{dx + ix + rjx). 

To verify fi commutes with the differential on x G Q, we have 

dfi{x) = X^^d'jx + jx = X^^jdx + jx = ^{dx + jx). 

Now obviously the sequence of cochain complexes 

(g, d + iri-^j) [1] Q — U 

is exact, which implies our statement by the long exact sequence in 
cohomology. □ 

It is not difficult to see by definition that 

Q with the differential f l5^ is isomorphic to the 
(33) i?2-term of the spectral sequence constructed in 
The First Approach. 

Despite its aesthetic appeal, however. Lemma |6] still does not solve 
our problem: even though we have a chain complex isomorphic to Q 
as -F-modules, there is no a priori reason to suspect any connection 
between the differentials d and (!32|) : it is not even reasonable to call 
(!32|) a deformation of d, since in general the two summands of (132!) do 
not commute. 
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Here is where we need to bring in even more concrete information 
from the situation at hand. As a warm-up, let us consider the differ- 
ential d! on U2 (see (13T|) ) instead of the differential (l32l) on Q. Notice 
that both differentials are of similar form, a sum of two terms, one of 
which is related to a differential we know {d on Uq in case of (!3T|) and 
(i on Q in case of (!32|) ). and the other is expressed as a composition of 
the maps 

In the case of fl31l) . however, we do have another way of under- 
standing the differential d': Recalling that U2 is isomorphic to Uq as a 
F-module by the bijection k, and recalling our conventions regarding 
F, one can see that both the differentials d on Uq and d' on U2 are 
in fact the Baldwin-Ozsvath-Szabo differential with different choice of 
variables for a suitable link projection. Consider first the summands of 
^ which relate only trees in Ki with a fixed i. The difference of coeffi- 
cients is only in white cycles which cross the edges {ui,v}\ for a white 
circuit w in Ki crossing the edge {u2,v} and associated element a in 
C{V), the element associated with the corresponding white circuit in 
K2 will be a multiplied by xy~^ or yx~^, depending on the orientation. 
Both of these are, in fact, forms of \l/ with different choices of variables 
in F for the projection £ obtained by performing a skein move instead 
on the two arcs on V involved in the R2 move we are studying - see 
Figure 4. (More explicitly, B{S) is obained from B{T>') by deleting the 
vertex v and the edges {ui^v}.) 

Figure 4. The skein move 

Therefore, we know that 
(34) the cohomology groups of (f/o,(i), {U2,d') are isomorphic 
by Corollary m 

Based on this, one could hope to apply an analogous principle to the 
differential ( l32l) if we can somehow swap the roles of Q and U. This, in 
fact, can be done by considering an R2 move on the projection S, and 
relating all the new variables appropriately. Let S' be the projection 
obtained from S by an R2 move on the arcs related to the arcs of V on 
which we performed the original R2 move by a skein move. Then B{£') 
is obtained from B{£) by adding two new edges {ui,U2). Denote these 
edges by e, /. Let, additionally, h{e) = 0, h{f) = 1, and extend the field 
F further into a field F' by attaching two new variables z, t associated 
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with the edges e, /, respectively, each algebraically independent of F. 
Our conventions regarding calculating the elements a{T,T'), P{T,T') 
for C{£') are the same as in the case of C{T>'): specifically, a black 
circuit c in B{£') which does not contain any of the edges e, / is assigned 
the same element as in C{£)\ if c contains one or both of the edges e, /, 
and if the corresponding circuit in C{T>) (obtained by contracting the 
edges e, /) is assigned an element 6, then c is assigned the element h 
multiplied by some of the elements z~^, t, t~^, depending on which of 
the edges e, f c contains, and orientation. Regarding white circuits w, 
again, take the product of all the vertex variables of B{T>) inside (resp. 
outside) of w depending on whether w is oriented counter-clockwise or 
clockwise, times, possibly, some of the elements z, z~^, t, t~^, depending 
on which of the edges e, / the circuit w crosses, and orientation. 

Denote by L[, resp. L2 resp. K' the sets of spanning trees of B{S) 
which contain e resp. / resp. neither e nor /. Now, analogously as 
above, filtering C{S') by the total height contribution of the edges e, / 
only, and performing the same analysis as we did for C{V), we see 
that C{S') is isomorphic to a cochain complex of the form 



(35) 



where Qo resp. Q2 resp. U are generated by L[ resp. L'2 resp. K'. 
Once again, xi is an isomorphism of F'-modules. Specifically if T is 
a spanning tree in L[ which, by deleting the edge e, creates a white 
circuit with associated element v, and if 

k' : L\ — )• L'2 

is the canonical bijection (obtained by replacing the edge e with the 
edge /), then 

If we denote the differentials ouQq, U hj d and the differential on Q2 by 
d" (justified, again, by the idea that the last of the three differentials 
must be distinguished while the others can be understood from the 
context), dni]) translates to 

d" = ^dr' + tfr\ 
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or, equivalently, 

(37) ^dr' = d" + t'j'r'- 

Our strategy is to set up relations between the variables x, y, z, t so 
that the right hand side of fl?r|) is equal to fl52]) . and 

.ggx d" and dq are related by a change of elements 
assigned to circuits in F' 

If we are successful, then, analogously to (!34|) . d and d" in (1371) are 
related by change of elements in F' assigned to circuits, and hence give 
isomorphic cohomology by Corollary HI Hence, (132|) . which is related 
by conjugation by the F'- module isomorphism ^ to d, has isomorphic 
cohomology to d", which, by (1371) . has the same cohomology as dq. 
This is what we are trying to prove. 

To obtain this scenario, we impose, in addition to (155]) . the equations 

(39) i = i', 

(40) r]-'j=fr'- 

Let first interpret (138|) . Consider two spanning trees T, T' in L where 
T' is obtained from T by omitting an edge of height and adding an 
edge of height 1. Then the coefficient at dq{T) at T' is 

1 1 



1 + bxy 1 + w 

where w is the appropriate white circuit, while the coefficient of d" 
between the corresponding trees in L2 is 

1 1 



1 + bt 1 + w' 

so we see that (l38l) is satisfied no matter what additional relations on 
X, y, z, t we impose. 

Next, we impose the equality ( l39l) . When performing z on a spanning 
tree T, we delete an edge, thus creating a white circuit. Denote the 
corresponding element of F' by v. Then the corresponding coefficient 
in i is 

1 1 

1 + yvw 1 + bxy ' 
and the corresponding coefficient in i' is 

1 1 

+ 



1 + ztvw 1 + bt 
Thus, (l39l) will hold if we impose 

(41) zt = y,xy = t. 



BALDWIN-OZSVATH-SZABO COHOMOLOGY IS A LINK INVARIANT 21 

(It is interesting that then also equality arises in f l55]l . so no change of 
assigned elements is needed there.) 

Next, however, we must consider the equation (HOl) . which translates 

to 



(42) 



1 1 \-' / 1 



+ 



1 + bxy 1 + xy ^ J \l + bxy 1 + vx 



1 +^V-^H- ' 



1 + ztv 1 + bzJ \1 + ztv 1 + zt-^ 
This is non-trivial. We first prove 



Lemma 7. In a field of characteristic 2, we have the identity 
(43) 



1 1 \-V 1 



1 + a 1 + k J \l + a 1 + 



1 1 \ V 1 1 



1 + i-^k l + kj \l + i-^k 1 + a-^k 

Proof: Bringing the terms on the left hand side of (1431) to common 
multiplier, we get 

(U) {l + k){a + i) 

^ ' {l + i)ia + ky 

Doing the same on the right hand side gives 

{l + k){i-'k + a-'k) 

^ ' {1 + a-^k){e-^k + k)' 

Now (jH]) is gotten from fj45l) by dividing both numerator and denom- 
inator by a~^i~^k. □ 



To apply (113]) to (142]), (using also dS])), we set 

k = x~^y £ = v~^x~^ 

ztv = t^k k = zt-^ 
a = b^^x^^y^^ a^^k = bz. 

These equations are overdetermined but consistent, and have a solution 

(46) x = t'^, y = r\ z = r^. 

Note that this solution also satisfies f l4ip . and clearly is legal from the 
point of view of applying Corollary H] so we are done. 

To be completely precise, we have solved the "non-trivial" case of 
the equations (138)) . ( 1391) . (140]) : There is another "trivial" case when the 
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12 3 




X 



Figure 5. The b ^a^^baba ^ unbraid 



black cycle does not go through the vertex v (resp. any of the edges e, 
/). In this case, the corresponding components of the differentials (Iq, 
d, d", fl32|) coincide (in particular, the corresponding component of the 
iri~^j summand is and the corresponding component of d commutes 
with 1^, so the equations remain true in that case as well. This completes 
the proof of Proposition |5l 



Ironically, the methods of the last section do not apply directly to 
the Reidemeister 3 move because the projections before and after an 
R3 move play symmetrical roles: there is no obvious candidate inside 
the Baldwin-Ozsvath-Szabo complex of one projection for a part which 
would be isomorphic to some modification of the complex of the other. 
To get around this, we use the following idea suggested to us by John 
Baldwin: let us study braids on three strands labelled, from left to 
right, 1, 2, 3. Let a resp. b be the braid crossing strand 1 over strand 2 
(resp. strand 2 over strand 3). Then the famous braid relation can be 
written in the form 



5. Reidemeister 3 



(47) 



aba 



-1 



b ab, 



which means that we have an unbraid 



(48) 



b a baba 



-1 



(see Figure 5) 
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12 3 12 3 




Figure 6. Reidemeister 3 is equivalent to replacing 
the aba~^ braid with the b~^ab braid 

12 12 




Figure 7. Reidemeister 2 is equivalent to replacing 
the unbraid with the a~^a unbraid 

Now consider a generic projection V with three arcs 1, 2, 3 such that 
1, 2 bound a component of 5^ \ P labelled black, and 2, 3 bound a 
component of S*^ \P labelled white. Then by a BR move we shall mean 
an operation where we replace the arcs 1, 2, 3 by the unbraid 

Now suppose we can prove the following 

Proposition 8. Suppose a generic projection V of an oriented link L 
(satisfying [A\) ) is obtained from a generic projection V of L using the 
BR move. Then H\C{V')) = H\C{V)). 

We claim this proves invariance under the Reidemeister 3 move: To 
see this, simply note that change from b~^ab to aba~^ is an R3 move 
(see Figure 6). If we want to make this move inside a projection D, 
first change b^^ab to 

(49) b-^abb-^a-^baba-^ 

using the BR move, and then change (H^j) to aba~^ using a sequence 
of R2 moves (which we can do by Proposition - see Figure 7, thus 
implying invariance of Baldwin-Ozsvath-Szabo cohomology under the 
R3 move. 
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Thus, we will focus on proving Proposition [8l The method of proof 
is, in fact, more or less analogous to the proof of Proposition El but 
unfortunately, the situation is more complicated. Let V be a projection 
obtained from a projection V by the BR move. By isomorphism of black 
and white, we may assume that B{T>) has a vertex u in the component 
of S*^ \ shared by arcs 1 and 2. Thus, there is a white component 
shared by arcs 2 and 3, and there is another face colored black adjacent 
to 3, which corresponds to a vertex w of B{T>). 

Then we have 

V[B{V')) = {V{B{V)) \ {u}) n {ui, U2, vi, V2}. 

To describe E{B(V')), we note that, once again, if we denote by S the 
set of edges adjacent to u in B(V), then 

S = SiUS2 

such that to each edge {u,q} G Si there corresponds, in B{V'), an 
edge (f>{{u, q}) := {ui, q}. In addition, every edge {q, q'} of B(V) where 
q,q' ^ u is also present in B{V) (including the case when one or both 
of q,q' are equal to w), and the following additional special edges are 
also in B{V) (we choose orientations to make assignment of elements 
easier later): 

ei = (Ul,fl), 62 = {vi,V2), 63 = {Vi,w), 
64 = {W,V2), 65 = {V2,U2), 66 = {w , U2) ■ 

There are no additional edges in B(V) except the ones just specified. 
The heights of 61,.. .,66 are, in this order, 1,0,1,1,1,0. (All this is 
determined by the braid (HSj) - see Figure 8.) 

Now if we attempted to use the Second Approach directly, i.e. filter 
C{V') by the height contributions from the edges 6j, i = 1,...,6, the 
associated graded complex will be non-trivial in 5 different degrees (the 
associated graded piece in filtration degree turns out to be trivial). 
This situation seems too complicated to analyze directly by a diagram 
analogous to (127]) . 

This is where the First Approach becomes relevant: Let F^C{T>') be 
the filtration by height contributions of all the edges except 61, ...,66. 
More precisely, then, again, F'^CiV') is spanned by all spanning trees 
T of B{V') such that 

(50) ^(^)+ E (l-Me))>P- 

e&EB{V):(f>{e)£ET e(^EB{Vy.^{e)^ET 
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Figure 8. The neighborhood of the black graph 
associated to the b^^a^^baba^^ unbraid: h{ei) = 
l,h{e2) = 0,h{e3) = l,/i(e4) = 1,^65) = l,h{ee) = 



Call the sum of the height contributions of the edges Cj the e-degree: 
e(T):= Yl Me.)+ ^ (1 - Me.))- 

i:eieEB{V) i:ei^EB{V) 

For a subset / C {1, 6}, denote by Kj the set of all spanning trees 
T of B{T>') such that G ET if and only if i G /. 

Then the following table specifies the e-degrees of the sets Kj: 

e-degree I 

1 {126}, {236}, {246}. {256} 

2 {12}, {23}, {24}, {25}, {1246}, {1256}, {1236} 

3 {125}, {123}, {124}, {235}, {245}, {156}, {356}, {146}, {346} 

4 {1235}, {1245}, {1346}, {1356}, {14}, {15}, {34}, {35} 

5 {134}, {135}, {145}, {345} 

6 {1346}. 

Then in the spectral sequence associated with the filtration F is 
given by all contributions of the differential which raise e-degree by 2. 
This can actually be determined by cancellation, since sets Ki, Kj are 
bijective when the equivalence relations ~/, ~j on {ui^u^iw} coincide 
where ~j is the equivalence relation of being in the same connected 
component of the forest with edges {e^ | i G /}. 

Cancellation is additionally simplified by the fact that do preserves 
the number of edges. To simphfy notation, let us write / instead of 
Ki. In even e-degrees, we then easily see that 

{12}, {23}, {24}, {25} 



26 



DANIEL KRIZ, IGOR KRIZ 



of e-degree 2 cancel the sets 

{14}, {15}, {34}, {35} 
of e-degree 4. Additionally, 

{1246}, {1256}, {1236} 
in e-degree 2 cancel three of the four sets 

{1235}, {1245}, {1346}, {1356} 
of e-degree 4, and the remaining set of e-degree 4 cancels the set 

{1346} 

of e-degree 6. Thus, do entirely cancels all trees of even e-degree. In 
odd e-degree, similarly, we can use the sets 

{126}, {236}, {246}, {256} 

of e-degree 1 to cancel the sets 

{156}, {356}, {146}, {346}. 

Additionally, one can perform the following cancellations between sets 
of e-degree 3 and sets of e-degree 5: 

{123} ^ {135} 

{124} ^ {134} 

{235} ^ {345} 

{245} ^ {145}. 

We see that the only set left is 

(51) {125} 

in e-degree 3, which is the result we wanted, since adding the edges 
ei, e2, es gives a bijection 

K : K{V) ^ K{U5}- 
Additionally, since the ii^i-term is entirely in e-degree 3, we have 

2(p + q)=p + 3, 

which means that the i?i-term is on a line of slope —1/2, the only 
possible differential is ^2, and the spectral sequence collapses to E^. 
Thus, we have reduced our statement to showing that "a modification 
of the differential on C{V)" has isomorphic cohomology. Additionally, 
the modification can be computed using the method of (15^ . 

To make this precise, consider the field F obtained from F by attach- 
ing new variables A, B, C, D, E, F corresponding to the edges ei, Cq 
(in that orientation), and the same variables for the corresponding 
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white edges. On forming a{T,T'), P{T,T') in C{V'), we adapt the 
same convention as in the case of the R2 move, i.e. for a black or white 
circuit c occuring in a graph (a tree plus or minus one edge) containing 
the edges Cj, i E I, and not the edges Cj, j e {1, ...,6} \ I, take the 
appropriate element of F assigned to the circuit in the graph obtained 
by contracting each equivalence class of ~/ to a point, and omitting the 
edges Cj, j G {1, ...,6} \ /, and then multiply by those of the variables 
A, B, C, D, E, F which occur in c or which c crosses, or their inverses, 
according to orientation. 

Now the general recipe for calculating d2 is to take a do-cocycle t, and 
add to the component of dt in the same e-degree the following term: 
apply to t the component u of the differential which raises e-degree by 
1. Then i/(t) G Imdo, say, z/()f:) = (io(s). Then we have 

(52) d2{t) = u{s). 

Starting with a T G -^'{125}, applying u gives three summands 

^^^^ {l + rCDF + T+bACE) 

^^^^ {iTbAB^ 1 + qB-WF)'^''''' 

^^^^ {l + bACD-^ + l + gi-w) 

Here Tj indicates a tree in Kj. 6 G -F is the element associated to the 
black circuit arising from T in the graph obtained by identifying all the 
edges Cj to a single point, g G F is an element assigned according to 
the above convention to a white circuit corresponding to the connected 
component containing the vertex w and r G -F is the element assigned 
to a white cycle containing V2 (according to the right hand rule). 

In general, we do not know that T is a do-cocycle, but this is true if 
the coefficients in (!53|) and (IMI) are equal, i.e. when 

(56) BD = C. 

Let Ti256 be obtained from T1235 by replacing 63 with cq (or equiva- 
lentnly from T1245 by replacing 64 with ee). Then 



(57) 



«256 - ( ^^B-lcEF-^ + l + qB-WF^ ^''''^ 

+ "r~ 1 7^ 7^ I -'1245- 



1 + DEF'^ 1 + qB-WF 
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The two coefficients in ( 157|) are equal by ( l56l) . 

Now there exists a tree T125 and an element c G -F associated to a 
black circuit under the above convention such that 
(58) 

"^^--^ = { l + bclcEF-^ + 1 + qB-WF ) + 

Next, let T12 resp. T25 be obtained from T15 by replacing 65 with 62 
resp. ei with 62- Then 



The other terms do occur and will make it necessary to add countert- 
erms of e-degree 2 in Kj for where the cardinality of J is 2. However, it 
is easy to see that {12}, {25} are the only terms which, after applying 
z/, can produce a non-zero multiple of a tree in -ft'{i25}- 

More specifically, there exists an additional element p E F assigned 
to a white tree T^'25 such that 

Thus, if we impose the additional relation 
(63) AD = BE, 



the contributions of the trees T12 and T25 to c/2 will be equal, and it 
suffices to consider one of them. 
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Thus, to summarize, assuming f lSB]) . (jHS]), is obtained by adding 
to the component of dT in -^'{125} the term 
(64) 



I + bCE 1 + rpEF J \1 + hACE 1 + CDE-^ 
1 



1 + rCDF I + hACE 



l + 6cACEF-i qB~WF J \1 + B-^CEF'^ qB~WF 
1 



125- 



1 + 1 + qB-WF^ 

Despite the complexity of the expression (in part due to change of 
variables), we notice that each of the summands of flMl) is of the same 
form as the summand irj'^j in Lemma [6] of the Second Approach to 
the R2 move. 

Therefore, adding the first or second term individually is equivalent 
to conjugating by an appropriate element ^1, ^2, assuming we have 
relations among weights which correspond to (jlH]), i-e. 

(65) x = y-^,z = t-^. 
These relations translate to 

(66) C = E-\ F = D-^, 

which is clearly consistent with f lSB]) . (jHS])- 

Now the coefficients of ^1, ^2 depend only on b,r and the elements 
A, B, C, D, E, F, and hence ,^1, ,^2 commute. We see that after imposing 
(156]), (1631). (166|). we have 

d2 = iii2i^'^dc{v)i^i2^ii^. 

The algebraic relations (!56|) . (!63|) and (166!) can be jointly imposed in 
F' without altering the rank of cohomology of C{V), which concludes 
our proof of Proposition [81 

Remark: It is interesting to note that one can actually have T125 = 
T{25 in dMD when q resp. b of the coefficient of T125 is equal to p resp. 
c of the coefficient of T{25 (in that case, the elements labelled b in the 
coefficient of T125, T{25 of course won't be equal). 

Proof of Theorem [1} We have shown that, subject to the condi- 
tion (lAl), the numbers (fT2l) are invariant under the three Reidemeister 
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moves. However, there are still some minor details left to finish proving 
the Theorem: When L is a knot, we are claiming that f lT^ is indepen- 
dent of orientation. This is simply because the number n_ does not 
depend on orientation in this case. 

When, on the other hand, L is a link which has a projection violating 
the condition (jA]), we claim that ( [T2|) is (and therefore also a link 
invariant even in this case). To this end, it suffices to prove that (fT2|) 
is for a projection V which will become disconnected by a single 
reversed R2 move. 

In such however, there always exist two vertices f i, f 2 of B{V) 

connected by two edges e, / of heights 0, 1 respectively, where f 1 and 
V2 are in different connected components of B{T>) \ {e, /}. In this case, 
however, C{V) has the form of the chain complex U of Lemma [6] where 
U'2 resp. U2 is generated by spanning trees containing the edge e (resp. 
/). Thus, C{V) is acyclic. □ 



6. A FEW COMPUTATIONS 

The purpose of this Section is to give a few examples of computations 
of Baldwin-Ozsvath-Szabo (briefly BOS) cohomology (which we will 
denote by Hbos here), to give a basic idea of its behavior. BOS appears 
to be a sparse invariant, close in flavor to twisted HF. There is, (see 
[3]), a single-graded spectral sequence (i.e. graded like the Bockstein 
specral sequence) whose i?3-term is Hbos, converging to twisted HF. 
This spectral sequence is sparse in the sense that the only possible non- 
zero differentials are of the form 6/4^+2 (P]). One may ask if this spectral 
sequence always collapses to E-^. This is unknown at present, but even 
if this is the case, BOS cohomology contains additional information 
due to the grading, which is intrinsically different from gradings on 
(twisted) HF, which are given by spin'^-structures. 

The simplest computation of BOS cohomology is given by the fol- 
lowing 

Proposition 9. For an alternating link L, we have 

rank{H^^Qg{L)) = Det{L) when i = a{L)/2 
else. 



Proof: Choose an alternating projection T>{L) and a checkerboard 
coloring so that all black edges have height 1. Then clearly C{T>{L)) is 
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concentrated in a single dimension i, and the number of spanning trees 
is equal to Det{L) by Kirkhoff's theorem. To calculate i, let b be the 
number of black vertices. Then 

i = (b-l -n_)/2. 

This number is equal to cr(L) /2 by [15] (see also pj for more results on 
that subject). □ 

In [TU], Ozsvath and Szabo define a class A of quasi- alternating links 
which is the smallest class containing the unknot such that if a link L 
has resolutions Lq and Li at a particular crossing in some projection 
such that Lq, Li G A, and 

(67) Det{Lo) + Det{Li) = Det{L), 

then L E A. For our purposes, it is useful to extend this notion further. 
Let a class A of weakly quasi- alternating links be defined the same way 
as A, except that we replace, in the above definition, "the unknot" by 
"the unknot and all split links" . It is proved in |10] that all non-split 
alternating links are quasi-alternating. It follows immediately that all 
alternating links are weakly quasi-alternating. 

We do not know if the statement of Proposition M extends to quasi- 
alternating links. However, we do have a weaker statement. Let us 
start with the following 

Lemma 10. //, for a link L, all the values of i for which W^Qg{L) ^ 
differ by integral multiples of 2, then 

^rank{WBos{L)) = rank{HFt^{L)) = Det{L). 

i 

(Here {HFtw denotes the twisted Heegaard-Floer homology with coeffi- 
cients in the Novikov ring, as considered in [3\.) 

Proof: Because of sparsity of the Baldwin-Ozsvath-Szabo spectral 
sequence (the only differentials being ^4^+2), the spectral sequence col- 
lapses under the assumption. Further, in general, the Euler charac- 
teristic of C(V{L)) is equal to the Euler characteristic of the based 
Khovanov complex at q = —1, which is Det{L). Under the given as- 
sumption, the Euler characteristic is equal to the total rank. □ 
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Proposition 11. For every weakly quasi-alternating link L, all the i 's 

for which W^Qgi^L) ^ differ by even integers, and 

Y,rank{H%os{L))=Det{L). 

i 

Proof: By Lemma [TOl the second statement follows from the first. 
The first statement is proved by induction; for links L, Lq and Li as 
above, by the induction hypothesis, all non-trivial ifsos-dimensions of 
Lj differ by even numbers for j = 0, 1, so if it is not true for L, then, by 
the skein long exact sequence, the BOS-cohomologies must contribute 
to Hbos{L) in degrees differing by an odd integer, but then a minus 
rather than a plus sign occurs in f E7|) . □ 

In view of these observations, it is natural to ask if there exist a knot 
whose BOS-cohomology is not concentrated in a single degree. Such 
knots do indeed exist. 

Proposition 12. The torus knot T(3, 7) has non-trivial BOS cohomol- 
ogy in at least two degrees whose difference is not an even integer. 

Proof: The branched double cover Z1(T(3, 7)) of T(3, 7) is the Brieskorn 
homology sphere with multiplicities 2, 3, 7. Since this is a homology 3- 
sphere, twistings are homologically trivial and hence ifFiu,E(T(3, 7)) 
and ifF(E(T(3, 7)), Z/2) have the same rank. The latter group is com- 
puted in [T4j, p. 209: one has 

i7F+(S(T(3, 7))) = Z[t/, U-^]/UZ[U] © Z, 

and hence 

rank{HF{E{T{3, 7)), Z/2) = 3 

by the universal coefficient theorem. Hence, HBos{^iT{3,7)) cannot 
be concentrated in degrees which differ by even integers by Lemma [TOj 

□ 

We conclude this paper by computing explicitly the BOS cohomology 
of alternating knots with the smallest number of crossings, i.e. 819, 820 
and 821. Our main tool is the skein long exact sequence: Fix a link 
projection V = T>{L) of a link L, and choose a crossing x. Let Vq and 
Vi be the 0-resolution and 1-resolution of P at a; respectively, and let 
Lq and Li be the corresponding links. 
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Lemma 13. We have a long exact sequence 



Proof: The long exact sequence fl^ is the spectral sequence con- 
centrated in filtration degrees and 1 associated with the decreasing 
filtration on C{V) where F^C{V) is the set of linear combinations of all 
those spanning trees T where the edge e (whether it belongs to T or 
not) contributes > e to the height. □ 

Comment: The reason for the n_/2 summands in the degrees in 
fp5]) is that the grading of the spectral (=exact) sequence is specified 
by height alone, and cannot include the number of negative crossings 
which we subtracted in the grading of BOS cohomology, and thus must 
add back on in the long exact sequence. (To see this, note that the 
Lq and Li resolutions cannot both preserve the orientation of the link, 
and hence the numbers of negative crossings can change unpredictably.) 
Note also that as a result of this, the terms of the long exact sequence 
(1^5]) are not (oriented or unoriented) link invariants. 

The knot 821 (see Figure 9). This is the easiest of the examples. 
Let X = C4. The 1-resolution is a knot with < 7 crossings, hence 
alternating. There are two spanning trees of height 1 and 15 spanning 
trees of height 3 in the black graph (independently of how we choose 
the coloring), so the BOS cohomology of Vi has rank 13 concentrated 
in height 3. However, 1 must be added to the height by Lemma \T3l so 
this contributes to H^Q^iV) in height 4. On the other hand, the Lq 
is the (non-split) alternating link with two crossings. The H'^Qg of the 
standard projection Pq of Lq is therefore rank 2 in height 1. However, to 
get from the projection Vq to Vq, we must perform some Reidermeister 
moves. Reidemeister 3 moves can be ignored, since they do not change 
the number of negative crossings. Undoing a Reidemeister 2 move 
always eliminates 1 negative crossing (and thus 1 must be added to the 
height to compensate). There are two types of Reidemeister 1 moves, 
which we call positive and negative. A positive Rl move does not 
change the number of negative crossings (and thus may be ignored), 
while undoing a negative Rl move eliminates 1 negative crossing (and 
hence 1 must be added to the height to compensate). 

To get from Vq to V'q, not counting R3 moves, we undo one R2 
move, two negative Rl moves and one positive Rl move. Thus, the 
height must be increased by 3 to adjust, and therefore H^Q^iVQ) also 
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Figure 9. The knot 821 in Rolfsen's table. 

contributes to 'D%Qg(V) in height 4. We see that 821 is, in fact, quasi- 
alternating. The number of negative crossings is 6, so H]^Qg{82i) has 
rank 15 = Det{82i) concentrated in degree —2/2 = —1, which is equal 
to 1/2 times the signature. 

The knot 820 (see Figure 10). Let x = bg. The 0-resolution Lq is an 
unknot, but to get the standard projection from Vq, we must (ignoring 
R3 moves) undo two R2 moves, 3 negative Rl moves (and one positive 
Rl move). Therefore, we must add 5 to the height, so Vq contributes 
rank 1 in height 5 to the BOS-cohomology of L = 820- 

The 1-resolution M = Li is a link, and we observe immediately 
that its 0-resolution Mq at 63 is a split link (and therefore has BOS- 
cohomology 0). The 1-resolution Mi is an alternating link which has 
an alternating projection with BOS-cohomology of rank 8 in height 3. 
To get this projection from V{M)i, we must do one and undo one R2 
move and do one positive Rl move (ignoring R3 moves). Therefore, 
there is no change in height. However, since this is the 1-resolution of a 
1-resolution, this adds 2 to the height of the contribution to H^Qg{82o), 
so the contribution is of rank 8 in height 3. 

We note that 820 is therefore weakly quasi-alternating. It has 5 
negative crossings, so H^q^ has rank 9 concentrated in degree 0, which 
is equal to a(L)/2. 

The knot 819 (see Figure 11). This knot (which is also isomorphic 
to the torus knot T(3,4) - but that is not helpful here) turns out to 
be the hardest. It is not quasi- alternating, since it is not Khovanov 
homology-thin (see [8]). Because of this, we use a slightly different 
method, using the skein exact sequence (l68ll only once, and then using 
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Figure 10. The knot 820 in Rolfsen's table. 

a direct calculation. Let x = ai. One observes that the 0- resolution Lq 
is an unknot which contributes to H*QQg{T>{L)) in dimension 4. It turns 
out that the generator of Hbos{1^o{L)) is represented by an element a 
of the module A spanned by all the Kauffman states of Pq of height 4 
which are 1-resolutions of ay (one has rank{A) = 4). 

Denote, on the other hand, by B, Co, Ci, respectively, the submod- 
ules of C(Vi) the submodules of C(Vi) spanned by trees of height 3 
resp. the trees of height 5 which are 0-resolutions of oy resp. the trees 
of height 5 which are 1-resolutions of 07. (Keep in mind that 1 must 
be added to the height to calculate the height of their contribution to 
Hbos{V{L)).) One has 

rank{B) = 8 = rank{Ci), rank{Co) = 4. 

The BOS differential between A, B, Cq, Ci has the form 



B A 



(69) 




It turns out that \I'oi is in fact an isomorphism of rank 8 vector spaces, 
which implies that Vi contributes to Hbos{T^{.L)) a vector space of 
dimension 4 in height 6, represented (isomorphically) by Cq. 

However, dimensionally, there is the possibility of a connecting map 
of the form 

5 : Hbos{T^o) ^ Hbos{T^i) 
in the long exact sequence (l68l) . In the present setting, this map is, in 
fact, calculated directly as 

(70) *o^o/^i(«)- 

The computation can be done in the rational function field F2(a, 6, c, x, y, t, u) 
where the variables correspond to all the faces of the projection in Fig- 
ure 11 except the unbounded face and the face bounded by CI3, 04, 07. 



36 



DANIEL KRIZ, IGOR KRIZ 



By Corollary HJ these 8 variables can be further reduced to 5 vari- 
ables. In either case, however, this computation was beyond the range 
of Mathematica on the computers readily available to the authors. 

In the present situation, we only need to decide whether the map 
(!70|) is non-zero, which can be addressed directly using the following 
trick. Denote 

R = S~^¥2[a, b, c, X, y, z, t, u] 

where S is the set of all the denominators of the coefficients of \E'o, ^^oi, ^i, 
and let, further, 

T = Det{-^oi)-^R. 

Let 

(f) : ¥[a, b, c, x, y, z, t, v] — > F2(a;) 

be the homomorphism of rings which sends all variables a, b, c, x, y, z, t, u 
to X. By direct computation, one verifies 

0(5)cF2(x)^ 

so extends to a homomorphism of rings 

0: R-^¥2{x). 

It further turns out that 

0(Det^oi) GF2(a;)^ 
so extends to a homomorphism of rings 

0: T^F2(x). 

Using Mathematica (which apparently has much more efficient algo- 
rithms on one- variable polynomials), we were able to compute 

(71) 0(vl>o)0(vl/o-i^)0(vl>i) ^ 0. 



Lemma 14. (jTip implies ^'o^'oi^^i(a) 7^ 0. 



Proof: Suppose 

(72) ^o^o~/^i(«) = 0. 

Then all the matrices \l/o) ^01^5 ^1 have coefficients which lie in T C 
F2(a, 6, c, x, I/, t, m). Hence, (172]) must be true in matrices over T, 
and hence in matrices over F2 (x) upon applying the homomorphism 0, 
contradicting (I7T]) . □ 
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Figure 11. The knot 819 in Rolfsen's table, which is 
not quasi-alternating. 

By the Lemma, then, we see that Hsosi^w) has rank 3 and is con- 
centrated in height 6. There are no negative crossings and hence the 
BOS dimension is 6/2 = 3 = (7(819) /2. 

We conclude that the knots 819, 820, 821 all satisfy the conclusion of 
Proposition m even though they are not alternating. 
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